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Abstract. We consider a problem of learning kernels for use in SVM
classification in the multi-task and lifelong scenarios and provide general-
ization bounds on the error of a large margin classifier. Our results show
that, under mild conditions on the family of kernels used for learning,
solving several related tasks simultaneously is beneficial over single task
learning. In particular, as the number of observed tasks grows, assuming
that in the considered family of kernels there exists one that yields low
approximation error on all tasks, the overhead associated with learning
such a kernel vanishes and the complexity converges to that of learning
when this good kernel is given to the learner.
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1 Introduction

State-of-the-art machine learning algorithms are able to solve many problems
sufficiently well. However, both theoretical and experimental studies have shown
that in order to achieve solutions of reasonable quality they need an access
to extensive amounts of training data. In contrast, humans are known to be
able to learn concepts from just a few examples. A possible explanation may
lie in the fact that humans are able to reuse the knowledge they have gained
from previously learned tasks for solving a new one, while traditional machine
learning algorithms solve tasks in isolation. This observation motivates an alter-
native, transfer learning approach. It is based on idea of transferring information
between related learning tasks in order to improve performance.

There are various formal frameworks for transfer learning, modeling different
learning scenarios. In this work we focus on two of them: the multi-task and
the lifelong settings. In the multi-task scenario, the learner faces a fixed set of
learning tasks simultaneously and its goal is to perform well on all of them.
In the lifelong learning setting, the learner encounters a stream of tasks and its
goal is to perform well on new, yet unobserved tasks.

For any transfer learning scenario to make sense (that is, to benefit from the
multiplicity of tasks), there must be some kind of relatedness between the tasks.
A common way to model such task relationships is through the assumption that
there exists some data representation under which learning each of the tasks
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is relatively easy. The corresponding transfer learning methods aim at learning
such a representation.

In this work we focus on the case of large-margin learning of kernels.
We consider sets of tasks and families of kernels and analyze the sample complex-
ity of finding a kernel in a kernel family that allows low expected error on average
over the set of tasks (in the multi-task scenario), or in expectation with respect
to some unknown task-generating probability distribution (in the lifelong sce-
nario). We provide generalization bounds for empirical risk minimization learners
for both settings. Under the assumption that the considered kernel family has
finite pseudodimension, we show that by learning several tasks simultaneously
the learner is guaranteed to have low estimation error with fewer training sam-
ples per task (compared to solving them independently). In particular, if there
exists a kernel with low approximation error for all tasks, then, as the number of
observed tasks grows, the problem of learning any specific task with respect to a
family of kernels converges to learning when the learner knows a good kernel in
advance - the multiplicity of tasks relieves the overhead associated with learn-
ing a kernel. Our assumption on finite pseudodimension of the kernel family is
satisfied in many practical cases, like families of Gaussian kernels with a learned
covariance matrix, and linear and convex combinations of a finite set of kernels
(see [4]). We also show that this is the case for families of all sparse combinations
of kernels from a large “dictionary” of kernels.

1.1 Related Previous Work

Multi-task and Lifelong Learning. A method for learning a common fea-
ture representation for linear predictors in the multi-task scenario was proposed
in [9]. A similar idea was also used by [10] and extended to the lifelong scenario
by [11]. A natural extension of representation learning approach was proposed
for kernel methods in [12,13], where the authors described a method for learning
a kernel that is shared between tasks as a combination of some base kernels using
maximum entropy discrimination approach. A similar approach, with additional
constraints on sparsity of kernel combinations, was used by [17]. These ideas were
later generalized to the case, when related tasks may use slightly different kernel
combinations [14,18], and successfully used in practical applications [15,16].
Despite intuitive attractiveness of the possibility of automatically learning a
suitable feature representation compared to learning with a fixed, perhaps high-
dimensional or just irrelevant set of features, relatively little is known about its
theoretical justifications. A seminal systematic theoretical study of the multi-
task/lifelong learning settings was done by Baxter in [6]. There the author pro-
vided sample complexity bounds for both scenarios under the assumption that the
tasks share a common optimal hypothesis class. The possible advantages of these
approaches according to Baxter’s results depend on the behavior of complexity
terms, which, however, due to the generality of the formulation, often can not be
inferred easily given a particular setting. Therefore, studying more specific scenar-
ios by using more intuitive complexity measures may lead to better understanding
of the possible benefits of the multi-task/lifelong settings, even if, in some sense,
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they can be viewed as particular cases of Baxter’s result. Along that line, Maurer
in [19] proved that learning a common low-dimensional representation in the case
of lifelong learning of linear least-squares regression tasks is beneficial.

Multiple Kernel Learning. The problem of multiple kernel learning in the
single-task scenario has been theoretically analyzed using different techniques.
By using covering numbers, Srebro et al in [4] have shown generalization bounds
with additive dependence on the pseudodimension of the kernel family. Another
bound with multiplicative dependence on the pseudodimension was presented
in [3], where the authors used Rademacher chaos complexity measure. Both
results have a form O(y/d/m), where d is the pseudodimension of the kernel
family and m is the sample size. By carefully analyzing the growth rate of the
Rademacher complexity in the case of the linear combinations of finitely many
kernels with [, constraint on the weights, Cortes et al in [2] have improved the
above results. In particular, in the case of [; constraints, the bound from [4]
has a form O(y/k/m), where k in the total number of kernels, while the bound
from [2] is O(y/log(k)/m). The fast rate analysis of the linear combinations of
kernels using local Rademacher complexities was performed by Kloft et al in [1].

In this work we utilize techniques from [4]. It allows us to formulate results
that hold for any kernel family with finite pseudodimension and not only for the
case of linear combinations, though at the price of potentially suboptimal depen-
dence on the number of kernels in the latter case. Moreover, additive dependence
on the pseudodimension is especially appealing for the analysis of the multi-task
and lifelong scenarios, as it allows obtaining bounds where that additional com-
plexity term vanishes as the number of tasks grows and therefore these bounds
clearly show possible advantages of transfer learning.

We start by describing the formal set up and preliminaries in Section 2.1,2.2
and providing a list of known kernel families with finite pseudodimensions,
including our new result for sparse linear combinations, in 2.3. In Section 3 we
provide the proof of the generalization bound for the multi-task case and extend
it to the lifelong setting in Section 4. We conclude by discussion in Section 5.

2 Preliminaries

2.1 Formal Setup

Throughout the paper we denote the input space by X and the output space by
Y = {—1,1}. We assume that the learner (both in the multi-task and the lifelong
learning scenarios) has an access to n tasks represented by the corresponding
training sets z1,...,2n € (X xY)™, where each z; = {(zi1,¥i1), - -, (Tim, Yim) }
consists of m i.i.d. samples from some unknown task-specific data distribution
P; over Z = X x Y. In addition we assume that the learner is given a family C
of kernel functions' defined on X x X and uses the corresponding set of linear

L A function K : X x X — R is called a kernel, if there exist a Hilbert space H and a mapping
¢ : X — H such that K(z,z') = (¢(x), ¢(z’)) for all z,2" € X.
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predictors for learning. Formally, for every kernel K € K we define Fx to be
such set:

Fr Efh:am (w,¢@) | fwl <1, K(z,2') = (¢(x), ¢(=))} (1)

and H to be the union of them: H = Ugcx Fi-

In the multi-task scenario the data distributions Py, ..., P, are assumed to
be fixed and the goal of the learner is to identify a kernel K € K that performs
well on all of them. Therefore we would like to bound the difference between the
expected error rate over the tasks:

n

er(Fi) = 130 nf By [yhla) < 0] 2)
1

i
and the corresponding empirical margin error rate:

n

2(Fi) = > inf —Zuyu 2i5) <l (3)

Alternatively the learner may be interested in identifying a particular predictor
for every task. If we define Fp = {h = (hq,...,hy) : hy € Fx Vi=1...n} and
H" = Ug F%, then it means finding some h € H" with low generalization error:

n

Y Ewy~plyhi(z) <0] (4)

i=1

er(h) = %

based on its empirical margin performance:

erl(h) Z Zﬂyw (i) <. (5)

However, due to the following inequality, it is enough to bound the probability
of large estimation error for the second case and a bound for the first one will
follow immediately:

Pr {z e zZm IK e K er(Fg) > er (FK)Jre} <
Pr {z € 2™ In e H : er(h) > 67 (h) + e} .

For the lifelong learning scenario we adopt the notion of task environment
proposed in [6] and assume that there exists a set of possible data distributions
(i.e. tasks) P and that the observed tasks are sampled from it i.i.d. according to
some unknown distribution @. The goal of the learner is to find a kernel K € I
that would work well on future, yet unobserved tasks from the environment
(P, Q). Therefore we would like to bound the probability of large deviations
between the expected error rate on new tasks, given by:

GT(fK) - EPNQ hler}_f E(m,y)wp[[h(m)y < 0]]a (6)
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and the corresponding empirical margin error rate ér) (Fk).
In order to obtain the generalization bounds in both cases we employ the
technique of covering numbers.

2.2 Covering Numbers and Pseudodimensions

In this subsection we describe the types of covering numbers we will need and
establish their connections to pseudodimensions of kernel families.

Definition 1. A subset A C A is called an e-cover of A with respect to a distance
measure d, if for every a € A there exists a @ € A such that d(a,a) < e. The
covering number Ng(A, €) is the size of the smallest e-cover of A.

To derive bounds for the multi-task setting we will use covers of H" with respect
to lo metric associated with a sample x € X (mm).

d* (h,h) = max max |hi(zi;) — hi(zij)| < e (7)

i=1l..nj=1...

The corresponding uniform covering number N, ,)(H", €) is given by consider-
(nm).

ing all possible samples x € X

Nmy(H",€) = max  Ng< (H", €). (8)
xe X (n,m)

In contrast, for the lifelong learning scenario we will need covers of the kernel
family /C with respect to a probability distribution. For any probability distribu-
tion P over X XY, we denote its projection on X by Px and define the following
distance between the kernels:

N N
Dp(K,K)= max{ max hyrelgl LB, |h(z)=h ()], > jax oin B, |h(z)—h ()]}
(9)

Similarly, for any set of n distributions P = (P, ..., P,) we define:

Dp(K,K) = max Dp, (K, K). (10)
=1...n
The minimal size of the corresponding e-cover of a set of kernels K we will
denote by Np,(K,e) and the corresponding uniform covering number by by
Npn)(K,€) =maxp, .. p,) Npp (K, €).
In order to make the guarantees given by the generalization bounds, that we
provide, more intuitively appealing we state them using a natural measure of
complexity of kernel families, namely, pseudodimension [4]:

Definition 2. The class K pseudo-shatters the set of m pairs of points
(x1,27), ..., (xn,2),) if there exist thresholds ty,...,t, such that for any
bi,...,b, € {—1,+1} there exists K € K such that sign(K (z;,z}) — t;) = b;.
The pseudodimension dy(IC) is the largest n such that there exists a set of n
pairs pseudo-shattered by K.
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To do so we develop upper bounds on the covering numbers we use in terms
of the pseudodimension of the kernel family K. First, we prove the result for
Nn,m)(H", €) that will be used in the multi-task setting:

Lemma 1. For any set K of kernels bounded by B(K(xz,z) < B for all K € K
and all x) with pseudodimension dy the following inequality holds:

4en2m3B>d¢ (16mB> 648 log (;\}%)

Ny (", €) < 27 (
(n,m) (H" €) 2d, 2

€

In order to prove this result, we first introduce some additional notation. For a

sample x = (z1,...,2Zy,) € X™ we define [, distance between two functions:

A5 (f1, f2) =i£§¥m|f1($i)—f2($i)|~ (11)
Then the corresponding uniform covering number is:

Nm(fa 6) = sup Nd’;e(fv 6) (12)
xeXxm
We also define [, distance between kernels with respect to a sample x =
(X1,...,%n) € X (m:m) with the corresponding uniform covering number:
DX (K, K) = max |[Kx, — Kx;|oo, Ninm)(Ky€) = sup  Npx (K, e).
T xe X (n,m)

In contrast, in [4] the distance between two kernels is defined based on a single
sample x = (z1,...,Ty,) of size m:

D)o(o(KaIA(): |Kx7Kx|oo (13)

and the corresponding covering number is N, (K, €). Note that this definition is
in strong relation with ours: N, ;) (K, €) < Ny (K, €), and therefore, by Lemma
3 in [4]:

2 ZB d
en~m )(b (14)

N(n,m) (IC, 6) < Nnm(’C, 6) < ( €d¢
for any kernel family /C bounded by B with pseudodimension dy. Now we can
prove Lemma 1:

Proof (of lemma 1). Fix x = (X1,...,%,) € X™™)_ Define ex = ¢?/4m and
er = €/2. Let K be an ex-net of K with respect to D% . For every K € K and
every ¢ = 1...nlet f}{ be an ep-net of .%kwith respect to d¥. Now fix some
f € H". Then there exists a kernel K such that f = (f1,..., fn) € Fj. Therefore
there exists a kernel K € K such that | Kx, — I~(x |oo < €k for every i. By Lemma
lin [4] fi(z;) = K,lc/ ®w; for some unit norm vector w; for every i. Therefore for

filxi) = I?,lc/zwl € F we obtain that:

& (fir fi) = m§X|fi($ij) — filziy)| < | fi(xi) — filxi)|| =

KL 2w, — KLY 2wi|| < \/m| Ky, — Kxi oo < v/mek.
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In addition, for every fi € Fz there exists fl € .7-' such that &’ (ﬁ, fi) < €p.
Finally, if we define f (fl, ceey fn) € }'[1{ - X ]-'I’;, we obtain:

@ (f. ) = max dX (i, i) < max(dX(fi, i) + d2(fi, [i) < Vimex +ep = .
The above shows that ﬁc = KeIC}-l - X .7?;% is an e-net of H"™ with respect

to x. Now the statement follows from (14) and the fact that for any Fx with
bounded by B kernel K ([4,8]):

152 log, (22 )

Non(Fiey€) < 2(4mB/62) (15)

O

Analogously we develop an upper bound on the covering number N(p ,,)(K,€),
which we will use for the lifelong learning scenario:

Lemma 2. There exists a constant C such that for any kernel family IC bounded
by B with pseudodimension dg:

N (K. €) < (cnf’d{;(@/e)")d@. (16)

The proof of this result is based on the following lemma that connects
sample-based and distribution-based covers of kernel families (for the proof see
Appendix A):

Lemma 3. For any probability distribution P over X XY and any B-bounded
set of kernels K with pseudo-dimension dy there exists a sample x of size m =
cdiB5/2/e5 fczr some constant ¢, such that for every K, K if D¥(K,K) < €/2,
then Dp(K, K) < € (where D¥ is the same as Dp, but all expectations over P
are substituted by empirical averages over x).

Proof (of lemma 2). Fix some set of probability distributions P = (Py,..., Py,).
For every P; denote a sample described by Lemma 3 by x;. Let K be an
€/2n-cover of K with respect to DY, where x = (x1,...,%,) € X™" and
m= cdiB‘r’/ 2 /€5, Then the following chain of inequalities holds:

max  min %ZZIM — ()| < maxmin|[h(x) = B'(x)]| <

1 ~ 1 1 ~ 1 ~ ~
max|[Kdw — K] < |[KE — K2 < /|1~ Blla < \/mn| Ky — Ryl

Consequently, by Lemma 3 in [4]:

IK| < N(e/2n,K,D¥) < (46””‘”53> (cnSdg; (\/5/6)17)%. (17)

€2d¢
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It is left to show that K is an_e-cover of K with respect to Dp. By definition,
for every K € K there exists K € K such that DY(K, K) < €/2n. Therefore for
everyt=1...n

max mln — hfL‘ .’L' < max mln —_— hx .'I/' <*
hEFK W EF mZ| i7) is)| hEFK W EFg ng‘ is) (@) 2

Consequently, by Lemma 3, Dp, (K, K)<eforalli=1...n. O

2.3 Pseudodimensions of Various Families of Kernels

In [4] the authors have shown the upper bounds on the pseudodimensions of
some families of kernels:

— convex or linear combinations of k kernels have pseudodimension at most &

— Gaussian families with learned covariance matrix in R® have dy < £(£+1)/2

— Gaussian families with learned low-rank covariance have d, < kllog,(8ekl),
where k is the maximum rank of the covariance matrix

Here we extend their analysis to the case of sparse combinations of kernels.
Lemma 4. Let Ky,...,Kn be N kernels and let K = {ZZ\; w; K : Zf\il w; =
1 and vazl[wz # 0] < k}. Then:
dy(K) < 2klog(k) + 2klog(4eN) (18)
Proof. For every kernel K define a function B : X x X xR — {-1,1}:
Bg(z,7,t) = sign(K(x,T) — t) (19)

and denote a set of such functions for all K € K by B. Then dy(K) = VCdim/(B).
For every index set 1 <41 < --- < i < N define K; to be a set of all linear
combinations of K;,,..., K;, . Then K = U;K; and dg(K;) < k. Moreover, there

k
are (]Z) < (%) of possible sets of indices i. Therefore B can also be seen as

a union of at most ( ke)k sets with VC-dimension at most k. VC-dimension of
a union of r classes of VC-dimension at most d is at most 4dlog(2d) + 2log(r).

The statement of the lemma is obtained by setting r = (%)k and d = k. a

3 Multi-task Kernel Learning

We start with formulating the result using covering number N, ,,,)(H",¢):

Theorem 1. For any e > 0, if m > 2/€2, we have that:

Pr{3h e H" : er(h) > @7 (h) + €} < 2N(y2m)(H",7/2) exp (— "”;6 ) . (20)
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Proof. We utilize the standard 3-steps procedure (see Theorem 10.1 in [8]). If
we denote:

Q= {z €ZMm™ . JneH": er(h) > & (h) + e}
R= {z = (r,5) € 2 x Z(wm) . I e H . & y(h) > &7 (h) +e/2} :

then according to the symmetrization argument Pr(Q) < 2Pr(R). Therefore,
instead of bounding the probability of (), we can bound the probability of R.

Next, we define I3, to be a set of permutations o on the set
{(1,1),...,(n,2m)} such that {o(3,j),0(i,m+7)} = {(4,4), (i, m+j)} for every
1<i<mnand1l<j<m. Then Pr(R) < max,czemmn Pro(cz € R).

Now we proceed with the last step - reduction to a finite class. Fix z € Z
and the corresponding x = (x;;) € X(2m) Tet T be a vy/2-cover of H" with
respect to d%, and fix oz € R. By definition there exists h € H" such that
érs(h) > ér)(h) + €/2, where (r,s) = 0z. We can rewrite it as:

(n,2m)

2m

- Z Z [h Lo (ig) yo (i4) < OH > = Z % Zﬂhz(xa(z]))yU(ZJ) < ’Yﬂ + 6/2
it

i=1 Jj=m+1

If we denote by h the function in the cover T corresponding to h, then the
following inequalities hold:

if }NLZ(Izj)yl] < g, then hl(:rw)ylj < Y5 if hl(:r”)ylj < O7 then IN’Ll(l‘w)yU < %

By combining them with the previous inequality we obtain that:
~ Z Z [hiotis)¥otis) < 31> Z Z[[h (To(i)Woi) < 31+ 3
= ] m+1

Now, if we define the following indicator: v(h, i, j) = [hi(zi;)yi; < v/2], then:

m

- Ig- 1w
Prioz € R}<Prq3heT: =% —> (v(h,o(i,m+j)—v(h,0(i,7)) > 5
i=1" " j=1

n

1 I & - -
< |T|max Pr{ — — v(h,i,m+j) —ov(h, i, j)|Bi; > €/2 p = (%),
Tlmachry 233 I 3) = v )8y > e/2 b = ()

where §;; are independent random variables uniformly distributed over {—1,1}.
Then {|v(h,i,m+ j) —v(h,i,j)|5;;} are nm independent random variables that
take values between —1 and 1 and have zero mean. Therefore by Hoeffding’s

inequality:
2(nm)%e? /4 nme>
<|T - | =T — .
() < Ifexp (2R —enp (1%

By noting that [T < N, 2m)(H",~/2), we conclude the proof of Theorem 1. O
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By using the same technique as for proving Theorem 1, we can obtain a lower
bound on the difference between the empirical error rate ér} (h) and the expected
error rate with double margin:

1
67“2’)’(h) = E ZE(I,y)NPi [[yhz(.’L‘) < 27H. (21)
=1

Theorem 2. For any e > 0, if m > 2/€2, the following holds:

2
Pr{Zh e H" : er?’(h) < ér(h) — €} S2N(y 2m) (H",7/2) exp (— nn;e ) (22)

Now, by combining Theorems 1, 2 and Lemma 1 we can state the final result for
the multi-task scenario in terms of pseudodimensions:

Theorem 3. For any probability distributions Py, ..., P, over X x {—1,+1},
any kernel family IC, bounded by B with pseudodimension dy, and any fized
v >0, for any € > 0, if m > 2/€2, then, for a sample = generated by II™ | (P;)™:

Pr{vheH" er*(h)+e>él(h)>er(h)—e} >1-3, (23)

where

\/8 210g2n710g5 +log2 + d% log 12827;2?33 v 2?7623 log g\e/% log 12&;213 o1
€ = .

m

Discussion: The most significant implications of this result are for the case
where there exists some kernel K € K that has low approximation error for
each of the tasks P; (this is what makes the tasks “related” and, therefore, the
multi-task approach advantageous). In such a case, the kernel that minimizes
the average error over the set of tasks is a useful kernel for each of these tasks.

1. Maybe the first point to note about the above generalization result is that as
the number of tasks (n) grows, while the number of examples per task (m)
remains constant, the error bound behaves like the bound needed to learn
with respect to a single kernel. That is, if a learner wishes to learn some
specific task P;, and all the learner knows is that in the big family of kernels
IC, there exists some useful kernel K for P; that is also good on average
over the other tasks, then the training samples from the other tasks allow
the learner of P; to learn as if he had access to a specific good kernel K.

2. Another worthwhile consequence of the above theorem is that it shows the
usefulness of an empirical risk minimization approach. Namely,

Corollary 1. Let h be a minimizer, over H", of the empirical ~v-margin
loss, er)(h). Then for any h* € H" (and in particular for a minimizer over

H"™ of the true 2v-loss er®Y(h)):

er(h) < er® (h*) + 2e.
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Proof. The result is implied by the following chain of inequalities:
er(h) —e <1 e (h) <g er'(h*) <3 er®(h*) + ¢

where (<;) and (<3) follow from the above theorem and (<3) follows from
the definition of an empirical risk minimizer. a

4 Lifelong Kernel Learning

In this section we generalize the results of the previous section to the case of lifelong
learning in two steps. First, note that by using the same arguments as for proving
Theorem 1 we can obtain a bound on the difference between &-2" (Fx) and:

n

TRFR) = 30 0 By [(0)y <) (25)
1

i=

Therefore the only thing that is left is a bound on the difference between er(F)
and érp(Fi).
We will use the following notation:

erp(Fi) = hieI}-fK E (g y)~p[h(z)y < 0], erp(Fi) = hier}_fK E (e y)~p[h(r)y <]
and proceed in a way analogous to the proof of Theorem 1. First, if we define:

Q={P=(P,...,P,) e P" IFk : er(Fk) > erp(Fk) +¢€}
R=1{z=(rs) € P IFk : éry(Fx) > érl(Fx)+¢/2},

then according to the symmetrization argument Pr(Q) < 2Pr(R).

Now, if we define I, to be a set of permutations o on a set {1,2,...,2n},
such that {o(i),0(n+19)} = {i,n+i} for all i = 1...n, we obtain that Pr(R) <
max, Pr,(0z € R), if n > 2/€2. So, the only thing that is left is reduction to a
finite class.

Fix z and denote by K C K a set of kernels, such that for every K € K there
exists a K € K such that:

67'731,(.7-}() +¢€/8> 67'731,/2(.7[}) >erp(Fx)—€/8 Vi=1...n. (26)

Then, if Fx is such that éry(Fx) > é!(Fk) + €/2, then the corresponding K
satisfies &1/ (F) > é1/*(Fz) + ¢/4. Therefore:

n

~ 1
Pr,{cz € R} < Pr, {HK ek~ Z(er]ﬁ (Fx) —erp, y )(]—‘K)) > 6/4} <

o (n+1)
=1

|K| max Prq, { Z er’]pfn“) K) — erP » >(J”-'K)) > 6/4} =

KeKk

|/€|g;3;épm{i2|er”2 (Fi) = er <fz<>|@>e/4} OF
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where §3; are independent random variables uniformly distributed over {—1, +1}.
As in the previous section, { |er73{1 i (Fr)— er}i/ ?(Fx)|B:} are n independent ran-
dom variables that take values between —1 and 1 and have zero mean. Therefore

by applying Hoeffding’s inequality we obtain:
- 2n2e? /16 - ne?
< ST = - ).
(x) < |K|exp ( y™ ) || exp ( 3 ) (27)

To conclude the proof we need to understand how |K| behaves. For that we prove
the following lemma:;:

Lemma 5. For any set of probability distributions P = (Py, ..., P,) there exists
K that satisfies condition of equation (26) and |[K| < N(p ) (K,€v/16).

Proof. Fix a set of distributions P = (Py,..., P,) and denote by K an ey/16-
cover of K with respect to Dp. Then |K| < N(pn) (K, ey/16). By definition of a
cover for any kernel K € K there exists K € K such that Dp(K, K) < ey/16.
Equivalently, it means that for every K € K there exists K € K such that the
following two conditions hold for every i =1...n:

€y

LY he Fi ' € Fg: By (h(@) =1 (@) < 3¢ (28)
2V € Fi Fhe Fi: Eipyyop (@) — 1 (2)]) < % (29)

Fix some K and the corresponding kernel K from the cover and take any P;. By
Markov’s inequality applied to the first condition we obtain that for every h €
Fi there exists a h' € F such that Pr{z ~ P; : |h(z) — h'(x)] > v/2} < €¢/8.
Then er;{z(h’) < er}, (h) 4 ¢/8. By applying the same argument to the second
condition we conclude that for every h’ € Fj there exists a h € Fg such that
Pr{z ~ P, : |h(x) — h'(z)] > v/2} < €/8. Then erp,(h) < 67‘73{2(/1’) + €/8.
By definition of infinum é-27(Fg) for every § there exists h € Fx such that
erp (Fi) 4+ 9 > erp (h) > er}, (Fi). By above construction for such h there
exists h' € Fy such that erp (h) > er%z(h’) —€/8 > er},{z(}}() — ¢/8. By
combining these inequalities we obtain that for every § > 0 er];i (Fk)+ 6 >

er%2 (Fi) —¢€/8, or, equivalently, er}, (Fr) > er;{Q(}}{) — €/8. Analogously we
can get that er%z(}'}g) > erp,(Fk) — €/8. So, we obtain condition (26). O

By combining the above Lemma with (27) we obtain the following result (the
second inequality can be obtain in a similar manner):

Theorem 4. For any e > 0, if n > 2/€2, the following holds:

2
Pr{3K eK: er(Fx) > 3(Fi) + b < 2N(p.m (K, e7/16) exp (2;) ,

2
Pr{3K € K: er®(Fx) < @ (F) — e} < 2Npn) (K, €7/16) exp (‘Z,Z) '
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Note that by exactly following the proof of Theorem 1 one can obtain that:

/2 ~ € " nme?
Pr{EIK el érg " (Fk) —ér)(Fk) > §}< 2N (5, 2m) (H",v/4) exp | — o)
Therefore, by combining the above result with its equivalent in the opposite
direction with Theorem 4 and Lemmas 1 and 2 we obtain the final result for the
lifelong kernel learning:

Theorem 5. For any task environment, any kernel family IC, bounded by B with
pseudodimension dg, any fived v > 0 and any € > 0, if n > 8/e* and m > 8/€?,
then:

Pr{VK € K er®(Fx)+e> ér](Fg) > er(Fx) — €} >1—4, (30)
where

nia (512en*m3B do /519mB Y 2 s (557 nme>
6=2 24 5 exp | — +
R Y

17\ 9o
64v B ne2
4| ond> —— .
" 4’( & ) eXp( 128)

Discussion: As for the multi-task case, the most significant implications of
this result are for the case where there exists some kernel K € K that has low
approximation error for all tasks in the environment. In such a case, the kernel
that minimizes the average error over the set of observed tasks is a useful kernel
for all the tasks.

1. First, note, that the only difference between Theorem 5 and Theorem 3 is
the presence of the second term. This additional complexity comes from the
fact that for the lifelong learner we are bounding the expected error on new,
yet unobserved tasks. Therefore we have to pay additionally for not knowing
exactly what these new tasks are going to be.

2. Second, the behavior of the above result is similar to that of Theorem 3 in
the limit of infinitely many observed tasks (n — o00). In this case, the second
term vanishes, because by observing large enough amount of tasks the learner
gets the full knowledge about the task environment. The first term behaves
exactly the same as the one in Theorem 3: its part that depends on dy4
vanishes and therefore it converges to the complexity of learning one task as
if the learner would know a good kernel in advance.

3. This theorem also shows the usefulness of an empirical risk minimization
approach as we can obtain a corollary of exactly the same form as Corollary 1.
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5 Conclusions

Multi-task and lifelong learning have been a topic of significant interest of
research in recent years and attempts for solving these problems in different
directions have been made. Methods of learning kernels in these scenarios have
been shown to lead to effective algorithms and became popular in applications.
In this work, we have established sample complexity error bounds that justify
this approach. Our results show that, under mild conditions on the used family
of kernels, by solving multiple tasks jointly the learner can “spread out” the
overhead associated with learning a kernel and as the number of observed tasks
grows, the complexity converges to that of learning when a good kernel was
known in advance. This work constitutes a step forward better understanding of
the conditions under which multi-task/lifelong learning is beneficial.

A  Proof of Lemma 3

Define G = {g X —[0,1] : g(x) = w for some h, k' € UfK}. Then

(using Lemma 2 and 3 in [5] and Theorem 1 in [4]):

Pr {x e X™: 3K, K : |DXK,K) — Dp(K,K)| > 6/2} <

S
|

>e/2\/E}

Z\h —h(z))| - E |h(z)—h(z)|

Prixe X™:3h,h eUFk:
(z,y)~P

IN

1
Pr {x cX™: dg,9d €G: |m Zg(xi) —E@y)~prg()

€/32
dmaxN
N VB’ 64\/§

41113‘}{]\](6/647 U]:K7d>1c)2€—e m/512B < 41113‘}{]\7(6/647 U]:K,dx )2 —e?m/512B <

G dx)e 5125 <4m&XN( UFK/\/i dX)Q —e?m/512B —

16mB642> 10g<64*8f) eieQm/512B
2

4.4 N(K, /(647 - 4m))? - (

14,3 2dg 16 {ﬁlog hva;
y (2 o B> <2 T:B) 2 log (5% ) mpsizn ()
€ ¢ €

€

For big enough m () is less than 1, which means that there is a sample x € X™
such that for all kernels K, K we have |D¥(K,K) — Dp(K,K)| < ¢/2. More
precisely, m should be bigger than cdiB‘r’/ 2 /€5 for some constant c. a
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